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1 AutoRegressive Models

In the last lecture, we started discussing AutoRegressive models as a first step towards
learning the more general ARIMA models. Methodologically, AutoRegression is simply
regression of the observed time series on lagged versions of itself. Suppose the observed
dataset is y1, ..., yn. From this data, we create a (n —p) x 1 vector Y and a (n—p) x (p+1)
design matrix X as follows:

Yot I % Y - - - w
yp+2 1 Yp+1 Yp o Y2
P I Ypy2 Ypr1 - - - U3
on 1 Yn—1 Yn-2 - = = Yn—p

p here is an integer which represents the order of the AutoRegressive (AR) model. We
then regress Y on X (in the standard way using least squares or OLS) to obtain fitted

regression coefficients ¢o, ¢1,...,¢p. Since the response variable is y; and the regressors are
Lyi—1,...,Yt—p for t =p+1,...,n, the fitted regression model can be written as
Yo = do + dryi—1 + -+ dpYi—p. (1)

This is how data is typically analyzed in AutoRegression. In the next section, we shall write
down the structure of the AR model and we shall see how the above estimation procedure
is related to Maximum Likelihood.

One of the main uses of AR (and more generally ARIMA) models is for prediction (also
known as forecasting).

For predicting y,+1, we plug t =n+11in (1) to get
Yni1= G0 + P1yn + G2Yn—1 + - + gz;pyn+1fp-

Note that ypn,Yn—1,...,Ynt+1—p are all observed and they are the last p observations. For
predicting Y42, we plug t =n+ 2 in (1) to get

Yn+2 = QEO + leyn-&-l + Qgﬂ/n +---+ Qgpyn+2—p-



In the above, y,11 is not observed. But we can replace it by the predicted value ¢,,+1. This
gives
Ynt2 = G0 + P1Un+1 + P2Yn + - + PpYni2—p-

More generally, we predict y,; by the recursion
Jnti = G0+ Orinriot + -+ Gpintiop  fori=1,2,...
where the recursion is initialized with
Ui =y forj=nn—-1,...,.n+1—p.

When this method is applied on some time series datasets, the predictions obtained can
vary quite significantly with p. We will try to obtain some intuition for the structure of the
predictions later in this lecture.

2 The AR Model

Let us start with the AR(1) model (we will later address AR(p) for p > 2).
The AR(1) model is given by:

Yt = Qo+ P1ys—1 + €& fort=2,...,n. (2)

2.1 Detour: usual regression

The model (2) looks just like a usual regression model:

yi = Bo + Brxi + € (3)

except we are using ¢ instead of S for the coefficients, and the index is now ¢ as opposed to
i. Let us recall how one writes the likelihood (for parameter estimation) in (3). The data
is (zi,yi),t = 1,...,m (m is the number of data points). The likelihood is the probability
density function of the data treated as a function of the parameters 6 = (5, 81, 0) (o is the
standard deviation of the errors):

Likelihood for model (3) = fu, 41 20.40,..00,50 [0 (T15 Y15 - - -, Tniy Yn)-
We first assume independence across i (i.e., (1,y1),. ., (Tn, yn) are independent) to get
n
Likelihood for model (3) = H fasi10(Tis Yi)-
i=1

Because the model (3) specifies an equation for y; in terms of z;, it is natural to condition
first on z; leading to:

n
Likelihood for model (3) = H Fyitwi0(Wi) faijo(i)-
i=1
Now we use the model equation to replace y; by 8y + Bix; + €;:

n
Likelihood for model (3) = H f50+51x2.+6i|xi79(yi)fxi|9(xi)

=1

= [ oo i — Bo — B1i) fuyj(zi)
=1
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We now assume that ¢; is independent of z; and that €; ~ N (0, 02). These result in
Likelihood for model (3) = [ [ fe,jur0(ti — Bo — B1:) fuyj0(:)
=1

= H f5i|0(yi — Bo — 51961)]”“\9(901)
i=1
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- exp (— (y %02 bre) ) o)
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= < 27TO'> exp <_M Z(yz Bo 61551) ) foz|9(xz)
=1 i=1

How do we deal with the last term J[%, f;,jo(z:)? We simply assume that this term does

not depend on € so it only becomes a constant (in terms of #) multiplicative factor in the

likelihood that can be omitted leading to

1 \™ 1
Likelihood for model (3) (\/%0> exp <—%‘2 ;(yz — By — 51%’)2) .

This is the standard form of the likelihood in linear regression that we worked with previously
(see e.g., Lectures 2 and 3). To sum up, we used the following assumptions to derive this
likelihood:

1. Independence of (x1,y1),. .., (Tn, Yn)
2. The model equation (3)

3. Independence of ¢; and z;

4. € ~ N(0,0?)

5. The density of z; does not depend on 6 = (5o, 81, 0).

2.2 Back to AR(1)

Let us now get back to the AR(1) model (2). Superficially, (2) looks the same as (3) with
1 =1, x; =1y—1 and By = ¢g and 51 = ¢1. However, some of the other regression assumptions
listed above do not hold for (2):

1. Independence of (x;,y;) across i no longer holds. This is because (z¢,y:) = (yi—1,Yt)
so one observation is shared between (x4, ;) for successive values of ¢.

2. The density of z; = y;—1 will depend on 0 (because y;—1 = ¢o + P1yt—2 + €411 S0 Po, P1
and o certainly affect y¢—1).

As a result, we cannot use the same principles as in usual linear regression to write the
likelihood for AR models. Instead we shall proceed as follows. As the data is y1,...,yn, the



likelihood is given by (below 6 = (¢g, ¢1,0) denotes the set of parameters)
Likelihood for Model (2)
= fyrrgnloW1s -+ > Yn)
= fyn10(W1) Fualyn 0(¥2) Fuslyn 2.0(U3) - Fyntyn s 0(Yn)

n
= fyl\e(yl) H fyt|y1,...,yt,1,9(yt)
t=2

= fylw(yl) H f¢0+¢>1yt—1+€t|y1,~..,yt—1,9(yt)
t=2

= fyl\e(yl) H f€t|y1,...,yt_1,9(yt — ¢0 — P1Yi-1)-
t=2

Now we assume that ¢; is independent of y1,...y;—1. This gives
Likelihood for Model (2)
n n
= Fu0Wn) T Fertvnrmeoro @ = S0 — 19-1) = Fyjon) [ [ fer (e — d0 — drye-1).
t=2 t=2
With ¢; ~ N(0,0?), we get

n
o 1 1
Likelihood for Model (2) fy1|9 U1 H 5 < 252 (Yt — do — ¢1Z/t—1)2>
t=2 ”U

which is equivalent to:

n—1 n
Likelihood for (2) = fy1|9(y1) <\/2177m) exp ( % Z — ¢y — ¢1yt_1)2> . (4)
t=2

To sum up, we used the following assumptions to derive the likelihood (4):
1. The model equation (2).
2. Independence of ¢ and yq,...,y—1 foreacht =2,....,n — 1.
3. & ~ N(0,02).

The likelihood (4) has the term f, 9(y1) which we should make explicit before we can com-
pute estimators. Note that the model equation (2) is only for t = 2,...,n which means that
y1 never appears on the left side. So it is not possible to compute f,, 9(y1) using (2). There
are two approaches of dealing with f, 19(y1)-

1. Approach One: Here one simply assumes that fy1|9(y1) does not depend on #. Then
fy116(y1) becomes a constant factor in (4) that can be ignored in proportionality leading
to

2mo

n—1 n
Likelihood for (2) o ( ! ) exp (—2; > (e — o - ¢1yt_1)2> NG
t=2

It is easy to verify that maximizing the above likelihood leads to estimates g?)o, 9271 that
are identical to those obtained by regression Y on X as described in Section 1. The
right hand side of (5) is actually equal to the conditional density of ya, ..., y, given yi,0
(under the aforementioned assumptions: model (2), ¢ ~ N(0,0?%) and independence
of ¢, and y1,...,yi—1). For this reason, (5) is called “Conditional Likelihood” and the
resulting maximizers “Conditional MLEs” or “Conditional Least Squares Estimators”.
“Conditional” here refers to conditional on y;.



2. Approach Two: Here one extends the model equation (2) to t = 1,0,—1,—2,....
This allows possible computation of f, 9(y1) in the following way. Applying (2) for
t=1,0,—1,—2,... recursively, we get

Y1 = do + ¢1y0 + €1
= ¢o + ¢1 (¢o + P1y—1 + €0) + €1
= do(1+ ¢1) + dly—1 + dre0 + €1
= do(L+ 1) + 67 (do + d1y—2 + €-1) + d1e0 + @1
= ¢o (14 ¢1 + ¢7) + ¢ly—2 + die_1 + deo + 1.
Continuing this way with using (2) for t = —2, —-3,..., —M (for some large M), we get

y1=¢o (1+¢1 + P4+ + ¢{V[) + oMy oMe o+ oM e ot 4 deo + e
M . M .
=0 > o+ Ty + > dley.
=0 =0

This equation is not enough to allow us to deduce fy1|9(y1) because it involves the
{V[ +1in front of y_y is very
i\/[Jrly_M when M is large.

unknown quantity y_ps. If [¢1| < 1, then the coefficient ¢
small. In this case, it might make sense to ignore the term ¢
This allows us to write

M M o) 00 ¢ 00
. . . . B .
Y1~ ¢02¢{ + Zﬁb{elfj ~ do Z¢]1 + quielfj = 1o + Zcbiqu-
j=0 j=0 J=0 Jj=0 Jj=0

The term Z]o-io qb{el_j is the sum of independent normal random variables, so it is
Normal with mean zero (as each €;_; has mean zero) and with variance:

: : o ) o
var Zgb{el_j = Zvar (qﬁjlel_j) = Zgi)ljvar(el_j) =0 ng)l] =1 pel
=0 =0 =0 =0

1

Thus when |¢1]| < 1, we can write

b0 o?
leN<1—¢1’1—¢?>'

1-¢7 1 ¢ i
Fynlo(y1) = \/\/;e’(p (‘ 203)1 (yl 1 (—b0¢1> ) '

Plugging this in (4), we get

which gives

Likelihood for (2)

— 9 2 n—1 n
~iton (5 (- e25) ) () o (- emor)

2ro 2ro P
(6)

This is a more complicated likelihood compared to (5). This is applicable only when
|p1] < 1. We shall see later the implications of this assumption. (6) is referred to as
the full likelihood for AR(1), and the estimates obtained by maximization of (6) as full
MLEs (as opposed to conditional MLEs obtained by maximizing (5)). In cases where
the assumption |¢1| < 1 is reasonable, full MLEs will be different from conditional
MLEs although when n is large, they will generally be quite close to each other.




2.3 AR(p)

The AR(p) model is given by:
Y = o + P1Yi—1 + -+ GpYi—p + € (7)
We can write the likelihood as

fyh...,yn\@(yh SRR ,yn) = fyp+17...,yn\y1,...,yp,9(yp+17 R 7yn)fy1,...,yp|9<y17 R 7yp)-

The conditional likelihood is calculated as

fyp+1,...,yn\yl,...,ypﬁ(yp-i-l7 s 73/71)

n
- H fyt|yt—1,...,y1 (yt)

t=p+1

n
= H f¢0+¢)1yt71+"'+¢pyt—p+€t|yt71»~~~7y1(yt)
t=p+1

n
= T fatveroan @ — G0 — S11-1 — - — Sptnp).

t=p+1

In order to proceed further, we shall make the following assumption:

€| yeo1,...,y1 ~ N(0,0?) foreacht =p+1,...,n. (8)
This is equivalent to assuming that e; ~ N(0,0?) and that ¢ is independent of y1,..., % 1.
With (8), we get
fypﬂ,...,yn|y1,...,yp,c9(yp+l7 B yn)
L e (_ (v~ b0 — Dy — - <z>pyt_p>2)
1=y V2mO 202
1 \"? 1 « 5
= < 271_0_) exp Y] t;1 (ye — b0 — Pr1ye—1 — - — (Zspyt—p)

Observe that, in order to write the above formula, we only used the model equation (7) for
t=p+1,...,n.

To obtain the parameter estimates, we can directly maximize this conditional likelihood.
The resulting estimates, which are identical to the OLS method described in Section 1, are
known as Conditional MLEs or Conditional Least Squares Estimates.

The full likelihood is

fyl,...,yn|9(yl’ s 7yn)
= fyp+1,...,yn|y1,...,yp,0(yp+17 ) yn)fyl,...,ypw(ylu s 7yp)

1 \"? R 5
= (\/%0_> €Xp _@ Z (yt - qbo - ¢1yt71 -t ¢pytfp) fyl,...,yp‘e(y:l? s 73/;0)'

t=p+1
If we assume that f, . 19(y1,...,9p) does not depend on 6, then maximizing the full
likelihood is equivalent to maximizing the conditional likelihood. If we want to derive
fyp.dotsy,l9(¥1, - -, Yp) in a more principled way, then we have to use the model equation
(7) for smaller values of ¢t (i.e., t =p,p—1,p—2,...,0,—1,...). We shall see later how this
is done (this will also require some assumptions similar to |¢1]| < 1 for p = 1).



3 Predictions and Difference Equations

Given a fitted AR(p) model with parameter estimates <Z>0, ey ép, predictions ¢,4; for ¢ =
1,2,... are obtained by the recursion:
Jnti = G0+ Otintio1 + + Gplnrip  fori=1,2,... 9)

where the recursion is initialized with
Uj = yj forj=nn-1,...,n+1—p. (10)

The behavior of the predictions (9) given by the AR(p) model can be understood by looking
at difference equations. A difference equation is of the form:

Up = Qo+ QUp—1 + -+ + 0pUk—p fork=pp+1,p+2,.... (11)

This is initialized by specifying the values of ug, u1, ..., up—1. Clearly the prediction recursion
(9) of the AR(p) model along with the initial condition (10) is similar to (11) (basically take
uj = Yny1-ptj)- (11) is called a difference equation of order p. In order to understand its
solutions, let us start with the case p = 1.

3.1 First Order (p = 1)

Here p = 1 so the difference equation becomes:
U = g + 0 UE—1 for k=1,2,...

along with an initial value specification for ug. We first convert this equation into a ho-
mogeneous difference equation (a homogeneous equation is one with no intercept term) by
taking

o
Vi — U —
1-— (6751
so that
0 o o
Vi = U — = oo+ o1up—1 — =oag+ oy | vg—1 + — = QVL_1.
1—Oz1 1—041 1—a1 1—041

Thus vy satisfies the homogenous equation:
Vg = QQUk_1-
It is now easy to see that the solution is given by
vk:alfvo for k=0,1,2,....

The solution for uy is thus given by

Qq Qo
U — —|-Oé]1C ug —
1—0[1 1—a1

=(1— k>7
= (1+ 2 k—1 k _
= o +of+ -+ oy ap + ajug for k=0,1,2,....

The last expression above also makes sense when a; = 1 (note that, when a; = 1, some of
the previous expressions do not make sense because 1 — ay appearing in the denominator).
The behavior of u; will then be of three kinds depending on the precise value of a;:



_

[\)

3.
4.

. |aa] < 1: Here ug converges exponentially to ag/(1 — a1).

. |a1| > 1: Here, when k gets large, uy, is essentially equal to afug which is exploding to
infinity exponentially in magnitude.

aq

aq

1: Here uy = kag + ug which is linear

—1: Here uy, oscillates between the two values ug and ag — ug.

We shall see formulae for solutions of the difference equation for p > 2 in the next lecture.

3.2 Recommended Reading for Today

1. For more on fitting AR(p) models to data, see Section 3.5 of the book by Shumway
and Stoffer titled Time Series Analysis and its applications (Fourth Edition).

2. For more on difference equations, see Section 3.2 of the Shumway-Stoffer book.
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