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The last topic in this course is Recurrent Neural Networks (RNNs). We will fit these
models using the Python library PyTorch. Before discussing the RNN models, let us first
take a high-level look at how model fitting works in PyTorch.

1 Model Fitting in PyTorch

Model fitting in PyTorch is usually based on the following steps:

1. Create model and define the parameters (which need to be estimated based on the
data)

2. Define the loss function
3. Specify initial values of the parameters

4. Use of an optimization algorithm (some variant of gradient descent such as Adam). This
algorithm has two steps:

a) Compute gradient of the loss function with respect to the parameters (PyTorch
performs gradient calculations using reverse-mode automatic differentiation via
backward)

b) Update parameters based on the gradient. The update rule depends on the spe-
cific optimization algorithm being used and requires choosing a tuning parameter
known as the learning rate. If the learning rate is too small, convergence will
be very slow; if it is too large, the algorithm may oscillate or fail to converge.

As stepping stones for RNNs, let us first review some more basic models that we already
studied in the course.

2 Regression with ¢ as covariate

The simplest and the first model that we studied was the linear regression model:

Y = Po + Bit + & with e A N(0,0%). (1)



We then looked at nonlinear regression. One way to make the right hand side of (1) nonlinear
in ¢ is to introduce terms involving (¢t — ¢) for certain knots c:

yr = Po+ it + Ba(t —c1)4 + -+ Brg1(t — c)+ + €. (2)

Here (t — ¢)4 is the positive part function applied to ¢ — ¢;. We shall also use the notation
ReLU and o(-) to denote this function (please do not confuse the function o(-) with the
standard deviation o of ¢;; we shall use the same notation for both but they can be easily
distinguished from the context):

o(u) = ReLU(u) = uy := max(u, 0).
The unknown parameters in (2) are So, ..., fk+1,¢1,- ..,k and o.

The model (2) is also a linear model but it is linear in the modified variables 1,¢, (t —
€1)+4,---,(t —cr)+ (and nonlinear in the original variable t). The vector of these modified
variables:

(Lt’ (t - Cl)Jra SRR (t - Ck)+)T
can be called the feature vector. The model is a linear function of the feature vectors.
We now rewrite the model (2) in a slightly different form. The time ¢ represents the
covariate x; here, so we write x; = t. We shall remove the term ¢ as it is covered by

t = (t —c)4 for ¢ =0 (note that 1 <t <n). We also write y; for the mean of y,. We shall
also use r; to denote the feature vector:

Tt = (O—(xt - Cl)v cee 7U(xt - Ck))T
and s; to denote:
st =(x—c1y.. o xy —ck)T.

With these changes, the model (2) becomes:

T =1

sp = (z¢—c1,...,m — )T

re = o(st) (3)
pe = Bo+ BTy

Yt = pe + €

In words, the univariate covariate xz; (which is simply t) is first converted to the k x 1 vector
s¢ in a linear fastion. Then the nonlinear function o(-) is applied to s; (here o(-) is applied
separately to each coordinate of s;) to generate the feature vector r;. Then p; is a linear
function of r; which serves as the mean to ;.

3 AutoRegression

We also studied autoregression models where the covariates are simply lagged values of ;.
The simplest of these models is AR(1) where xy = y;—1. This is simply (1) with ¢ replaced
by zy = yr—1: B

y=Po+ P +e  with ¢~ N(0,02).



One can create a nonlinear version of AR(1) by simply using (3) with z; = y;—1. We shall
refer to this as Nonlinear AutoRegression of order 1: NAR(1) (there are many nonlinear
autoregression models and this one is only one of them):

Lt = Yi-1

st = (xy—c1y. . e — )

re = 0(st) (4)

pe = Bo+ BTy

Yt = Mt T €.
Now let us consider the case of AR(p) for p > 1. The usual AR(p) model is simply:

2o = (Ye—1, - Yt—p) "

pe = Po+ Bl m (5)
Yt = pt + €t

Observe that (5) can be written in compressed form as simply v, = 5o + fiye—1 + -+ +
BpYi—p + € which is the usual form of AR(p).

What is a natural nonlinear version of (5)7 Put another way, what is a good extension of
(4) for p > 17 There are multiple ways of obtaining these versions. Looking at the structure
of (4), clearly z; = y;—1 will be replaced by z; = (yt—1,...,%t—p)’ . The next line gives the
formula for s;. This would need to be changed because x; is no longer a scalar. One way to
do this would be to write one version of the formula for s; in (4) for each component of ;.
This would result in:

2= (Y1, Yop) |
st = (zp — cgl), e, T — c,(gl),xtg — C§2)7 e, Ty — c,(f), e Ty — cgp), e Ty — c,gp))T
T = 0(s¢) (6)
pe = Bo+ BTre
Yt = pt + €t
Here x41 = yt—1,...,%¢p = Yi—p denote the components of x;. With this choice of s;, note

that u; becomes

p k
pe=Bo+ B re=Po+BTo(s)) =Bo+ Y gi(zy)  where gj(z) = Bijo(wy — Cg-l))-
j=1 i=1

In other words, we are fitting an additive model for g in terms of the covariates x4y =
Yi—1s-- > Ttp = Yi—p. Additive models are popular in regression but they do not incorporate
any interactions between the covariates. For example, if the true model generating the data is
yr = 0.5y;—1y¢—2 + €4, the additive model is unlikely to work well (because (z1, x2) — 0.5x122
is not an additive function of z; and x3).

Instead of using the additive model in (6), we shall use the following model as NAR(p)
(Nonlinear AutoRegression of order p). This is obtained by changing the second line of (6)
to be an arbitrary linear function of x;:

Tt = (yt—h .. ’yt—p)T

s =Wz + b

re = o(st) (7)
pe = Bo+ Blr

Yt = Mt + €.



Here W is a k X p matrix and b is a k x 1 vector. The parameters in this model are the
entries of the matrix W, the vector b, the coefficients 5y and the components of 8 and finally
the noise standard deviation o.

In neural network terminology, the model (7) is called a single-hidden layer neural
network because it first applies a linear transformation to the input z; (via s; = Way +b),
then passes the result through the nonlinear activation function o to get ry, which forms the
hidden layer. The output u; is then computed as a linear function of r; (via u; = Bo + 87 1¢)
and noise € is added to explain the discrepancy between y; and ps. The presence of one
nonlinear transformation between the input x; and the output p;, combined with otherwise
linear operations, is exactly the structure of a single-hidden layer neural network.

To sum up, we take the single-hidden layer neural network model (7) to be our nonlinear
generalization of AR(p).

Note that (7) can also be treated as a linear regression model but the linearity is in terms
of the feature vector r; (not in terms of the original covariate ;). We shall refer to r; as the
feature vector at time ¢, it is also common to refer to it as the hidden layer output at time ¢.
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