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1 AR models: estimation, inference and prediction

The AR(p) model is given by:
Y = G0 + P1yi—1 + -+ PpYi—p + €& (1)

The unknown parameters are ¢g, ¢1, ..., ¢, as well as o (o is the standard deviation of ).

These need to be estimated from the observed data 1, ..., yn.
The likelihood is (below 6 denotes the vector consisting of all the parameters ¢y, ..., ¢
and o):

fyh--wyn\@(yl? e Yn) = fyp+17---,yn\y1,.--,yp,9(yp+1= e 7yn)fyl,..-,ypIG(y17 — s Yp)-

The first term on the right hand side above f, .\ o 1y . v 6(Up+1,- -+, Yn) is the conditional
likelihood of yp41,...,yn given y1,...,yp. This conditional likelihood is calculated as
fyp+17---,yn|y17---7yp79(y7’+1’ “ s Yn)
n
= H fyt‘yt—lr-wylye(yt)
t=p+1

n
= H f¢0+¢1yt—1+“'+¢pyt—p+€t|yt—l7-~~7y179 (yt)
t=p+1

n
= H feilyeroyn 0t — 0 — P1Yt—1 — -+ — PpYi—p)-
t=p+1
In order to proceed further, we shall make the following assumption:
€ | Yie1s- - y1 ~ N(0,0?) foreacht=p+1,...,n, (2)
which can be ensured by assuming that ¢ ~ N(0,02) and that ¢ is independent of
Y1y Y—1. With (2), we get

Fypitoynlytsesypsd YUpt1s -+« Yn)
_ ﬁ 1 exp (_ (Yt — o — P1ye—1 — -+ — ¢p3/t—p)2>
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Observe that, in order to write the above formula, we only used the model equation (1) for
t=p+1,...,n.

The conditional joint density f, ., _ v.jy:...yp,8(Up+1s---,Yn) is called the conditional
likelihood of the AR(p) model. The full likelihood is

fyl,...,yn|9(y17 s 7yn)

= fyp+1,...,yn|y1,...,yp,0(yp+17 ) yn)fyl,...,yp|9(y1a v 7yp)
1 \"7 1 < 5
= ( > €Xp ) Z (yt - ¢0 - leytfl - = ¢pyt—p) fyl,...,yp\G(yl’ oo 7yp)'
2o 20 tept
If we assume that f, . 19(y1,...,9p) does not depend on 6, then maximizing the full

likelihood is equivalent to maximizing the conditional likelihood.

If we want to derive fyl,--.,ypIH(yh ...,Yp) in a more principled way, then we have to use
the model equation (1) for smaller values of ¢ (i.e., t =p,p—1,p—2,...,0,—1,...). This
makes the analysis complicated and is not really worth it. It also only works under some
“stationarity” assumptions on ¢y, ..., ¢,. It is much simpler working with the conditional
likelihood.

Using the matrix notation:

Yp+1 Ly Y1 oo W0 ®o
Yp+2 1 Yp+1  Yp+2 .- Y2 o1

Yoppa=| . Xnpyxe=|. . . Bip+1)x1 =
Yn 1 Yn—1 Yn—2 ... yn—p Qsp

the conditional likelihood (which is also proportional to the full likelihood under the assump-
tion that f, ., 10(y1,...,9p) does not depend on ¢) becomes:

- IR Y — X3
likelihood _ .
ikelihood o< ( TWJ) exp( 5,7 (3)

This likelihood is the same as the likelihood in linear regression with n — p observations. We
can therefore infer the parameters ¢o,..., ¢, and o as in usual linear regression with the
prior:

G0, b1, . ., bp,Jog o K umif(—C, C).

This will allow us to write down the joint posterior of (8, 0). Integrating over o leads to the
posterior of 3 alone. As in Lecture 4, this leads to

B ‘ data ~ t,_2p_1p41 (B, 6’2(XTX)71>

A _ X A3l2
f:=X'X)'X'Y and &= 1Y = X5I°
n—2p—1

Note that the degrees of freedom of the t-distribution above is n — 2p — 1 as the number of
observations equals n — p and the number of components of 3 is p + 1. If inference for o is
desired, one can use:

where

Iy - X5
2

2
o ’ data ~ Xn—2p—1-



Note that Bayesian inference for AR models is identical to Bayesian inference for linear
regression models because the likelihood (3) is the same as in the usual linear model (with
n — p observations). Bayesian inference only cares about the likelihood.

Frequentist inference for the AR(p) model is based on the MLE which is given by 3 and

oIy =X
OMLE = ni—p

To obtain frequentist confidence intervals for the parameters ¢;, one needs to find the distri-
bution of 3. Here the analysis is quite different from that used in linear regression (see, for
example, Section 3.5 of the book by Shumway and Stoffer titled Time Series Analysis and
its applications (Fourth Edition)). The results turn out to be quite close to those obtained
by the Bayesian method.

Unlike Bayesian inference, frequentist inference for the AR model is not identical to fre-
quentist inference for the usual linear regression model. For example, one does not use
t-distributions for inferring the ¢ parameters in AR(p) models. Instead, one uses normal dis-
tributions (e.g., z-scores as opposed to t-scores) which are justified by asymptotic arguments
that are different from and more complicated than those used for linear regression.

On the computer, estimation and inference for AR models can be done in two ways:
1. Just create y and X as above, and use OLS in statsmodels.
2. Use the AutoReg function in statsmodels.

Both methods give the same estimates of ¢y, ..., ¢,. The estimate of o is slightly different:
OLS gives 6ors := /RSS/(n — 2p — 1) and AutoReg gives 6y := /RSS/(n —p). The
two methods also give slightly different standard errors corresponding to the coefficient es-
timates. OLS gives square roots of the diagonal entries of &% ns(X TX)~! while AutoReg
considers 63, 5(XTX)™1. Finally OLS does coefficient inference using the t-distribution
(with n — 2p — 1 degrees of freedom) while AutoReg recommends inference using the normal
distribution.

2 Predictions from AR(p) models

If the parameters ¢y, ..., ¢, and o (collectively denoted by ) of the AR(p) model are fixed,
then the prediction for a future value y,4; is given by

Un+i(0) == E (Yn+i [ y1, -, Yn, 0)
These values are calculated recursively for ¢ = 1,2,... using the following recursion:
In+i(0) = ¢o + d10n+i-1(0) + G20n+i—2(0) + - + Gpin+i—p(0)  fori=1,2,.... (4)
which is initialized by
75 (0) = y; forj=n,n—1,...,n+1—p, (5)

Since # is unknown, we can replace it by the conditional MLE 0.



3 Prediction Standard Errors

To compute prediction standard errors, we can again fix the parameter values 6, and then
attempt to calculate:

Vi(0) :=var (Yn+i | Y1, -+, Yn,0) fori=1,2,....

The prediction standard error corresponding to the predicted value for y,y; can then be
taken to be 1/Vi(f) (note that 6 is replaced by the conditional MLE 6).

It turns out that it is not really possible to setup a recursion for V;(6). To see this, note
that:

V1(0) = var(yn+1 | Y1, -+ Yn, 0)
= VaI‘((bO + ¢1yn + ¢2yn—1 +-+ ¢pyn+1—p + €n+1 ’ Y1y+--5Yn, 9)

= var(€n+1 | Y1, .- >yn>9) = 02'

Next

Va(0) = var(yna2 | Y1, Yn, 0)
= Var(d)O + O1Ynt1 + G2yn + - + ¢pyn+2—p + €n+2 ’ Yty -5 Yn, 9)
=var(@1Ynt+1 + €nt2 | Y1, -+ Yn, 0)
= ¢ivar(yYni1 | y1s- - Un,0) + var(enya | Y1, yn, 0)
= $iVi(0) + 0% = (14 ¢7).

The next term is

‘/33(9) = Var(yn+3 ‘ Yiy---3Yn, 0)
= var(¢o + ¢1Ynt2 + P2Unt1 + -+ PpYni3—p + €nt3 | Y1, Yn, 0)

(P1Yn+2 + P2Ynto + €nts | Y1, -5 Yn, 0)

(

= var ¢1yn+2 + ¢2yn+2 | Y-+ Yn, 0) + Var(€n+3 ’ Yt - - 7yn79)-

= var

The first term in the right hand side above cannot be written down in terms of V;(6) a nd
V5(0) alone. It also involves the covariance between vy, 11 and y,12 (given yi,...,yn,0).

Instead of working with the variances alone, we will get the recursion by working with the
conditional covariance matrices of y,,11,...,Yyn+k (given 6 and the data) for k =1,2,....

Below we review some basic facts about covariance matrices.

3.1 Covariance Matrices

A finite number of random variables can be viewed together as a random vector. More pre-
cisely, a random vector is a vector whose entries are random variables. Let Y = (Y1,...,Y,,)?
be an n x 1 random vector. Its Expectation EY is defined as a vector whose ith entry is the
expectation of Y; i.e., EY = (EY1,EYs,...,EY,,)?. The covariance matrix of Y, denoted by
Cov(Y'), is an n x n matrix whose (4, j)th entry is the covariance between Y; and Y;. Two
important but easy facts about Cov(Y') are:

1. The diagonal entries of Cov(Y’) are the variances of Y1,...,Y,. More specifically the
(i,7)th entry of the matrix Cov(Y') equals var(Y;).



2. Cov(Y) is a symmetric matrix i.e., the (i, j)th entry of Cov(Y') equals the (j,7) entry.
This follows because Cov(Y;,Y;) = Cov(Y},Y;).

The following formulae are very important:

1. E(AY +¢) = AE(Y) +c for every deterministic matrix A and every deterministic vector
c.

2. Cov(AY +c¢) = ACov(Y)AT for every deterministic matrix A and every deterministic
vector c.

As a consequence of the second formula above, we get

var(a’Y) = a’ Cov(Y)a = Z a;a;Cov(Y;, Y)) for every p x 1 vector a.
Y]

Given two random vectors Y (p x 1) and W (g x 1), we use Cov(Y, W) to denote the p x g
matrix whose (i, §)! entry equals the covariance Cov(Y;, W;) between Y; and W;. With this
definition, the previous notion of Cov(Y') equals simply Cov(Y,Y"). It can be checked that

Cov(AY + ¢, BW +d) = ACov(Y,W)BT.

3.2 Covariance Recursion in AR(p)

We shall set up a recursion for the covariance matrices:
Yn+1
I'x(0) := Cov . 10,91, ..., Yn
Yn+k
The (i,5)"" entry of T'(6) is
Cov (Yn+is Yntj | Y15+ -3 Yn,0) -

The diagonal entries of 'y () equal V1(0), ..., Vi(0).

To initialize the recursion for I'y(6), note that

I'1(0) = var (Yn+1 | Y15+ Yn, 0)
::Var(¢04'¢lyn'*---¢pyn+1—p‘%5n+& ’y1w~-7yn79)

:Var(6n+1 | yla'--vynve) :Uz

We now relate I'y11(6) to T'x(0) to establish the recursion. We can write

C(Tea®) )
o= (") o)

where
Yn+1

Y1(0) := Cov : Yntk | 0,915 Un

Yn+k—1



and, as before,
Vie(0) = var (Yn+k | 0,915 Yn) -

We compute 451 as

Yn+1
Vi1 (#) := Cov : Ynk | 0,91, Yn
Yn+k—1
Yn+1
= Cov ’ 00 + O1Yntk—1 + P2Yntk—2 + -+ ¢pyn+kfp + €ntk ‘ 6, data
Yn+k—1
Yn+1
= Cov : 7¢1yn+k71 + ¢2yn+k72 +-- ¢pyn+kfp ’ ¢, data
Yn+k—1
Yn+1
- k—1
= Cov . ,Z a;iyn+i | 0,data
. =1
Yn+k—1

where, fori=1,...,k — 1,

o — ¢r_; provided k—p<i<k-1
L 0 otherwise

Thus if a is the (k — 1) x 1 vector with entries ay,...,ar_1, we have
Yn+1 Yn+1
1(0) = Cov : caT : | 6,data | =T'x_1(0)a.
Yn+k—1 Yn+k—1
Further

Vi(6) = var (g | 6, data)
=var (¢o + P1Yntk—1 + P2Yntk—2 + -+ + PpYntk—p + €ntyk | 0, data)
= var (¢o + P1Yn+k-1 + GoYntk—2 + - + Opynik—p | 0, data) + o”
k—1
= var <Z aiYn+i | 0, data) +0? = aTFk,l(G)a + o2,
i=1
The equation for obtaining I'x(0) from I'y_1(#) is therefore
T(0) = (Fk—1(9) ’}’k1(9)> _ < I'x-1(0) Iy—1(0)a >
M (0)  Vi(6) a’Tp1(0) a’Tp_1(0)a+ o

The algorithm for calculating the variances V;(0) for i = 1,2, ..., K is thus given by



1. Initialize with I';(0) = V1(0) = o2.
2. For k=2,3,..., K, repeat the following

a) Form the (k — 1) x 1 vector a whose i*" entry is ¢y_; if k —p <i <k —1and 0
otherwise.

b) Calculate I'y(#) using I'y_1(0) and a by the formula given above.

3. The variances V;(0),i = 1,2,..., K are given by the diagonal entries of the matrix
Tk (0).

Because 6 is unknown, in practice, we run this recursion with 6 replaced by its conditional
MLE 6. The prediction standard errors are then the square roots of V;(6). These prediction
errors coincide with those given by the get_prediction function in statsmodels.
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